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DYNAMICS OF CURVED BEAMS
INVOLVING SHEAR DEFORMATION
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Abstract—A general analytical and numerical procedure, based on the linear theory, is outlined for the elastic
stress and deflection analysis of an arbitrary plane curved beam subjected to arbitrary static and dynamic
loads. The equations of motion admit shear deformation and rotary inertia. The numerical solution is obtained
by Houbolt's method and by finite differences. The paper also presents two numerical examples.

NOTATATION

A area

e, base vector

E, strain tensor

E modulus of elasticity
EVW external virtual work

Gy metric tensor
IVW internal virtual work
bending moment
unit normal vector
axial force
external load
shear force
position vector to the axis
position vector of any point in the plane
coordinate along axis
unit tangent vector
time
tangent displacement
displacement vector
normal displacement
displacement vector
coordinate along normal
curvature
vector defined in equation (10)
rotation
stress tensor
density
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1. INTRODUCTION
The effects of transverse shear deformation and rotary inertia were first introduced in the theory
of straight beams by Timoshenko[1]. Using Timoshenko’s theory numerical results have been
obtained [2] by integration along the characteristics and compared[3] with solutions obtained by
two other procedures: normal mode superposition and Houbolt’s method [4].

The results of [3] indicate that Houbolt’s method can be used with advantage regardless of the
history and distribution of the loads, making it suitable for cases of rapidly varying and
discontinuous loads which occur often in practice. Houbolt’s method has, furthermore, the
feature of being stable for any given time differential[S], accuracy being therefore the only
consideration involved in the choice of the latter.

Timoshenko’s theory has been generalized for the case of thin shells of arbitrary shape [6] and
applied for the static analysis of skew plates[7].

In the present work a Timoshenko-type theory is derived for plane curved beams of arbitrary
shape. The kinematical unknowns are chosen so as to yield second order differential equations,
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828 YAIR TENE etal.

an advantage from the numerical viewpoint over equations of higher order. A numerical solution
procedure is presented based on the application of Houbolt's method and the use of finite
differences with interlaced nets for the resulting pseudo-static equations. Two numerical

examples are included.

2. ANALYTICAL FORMULATION

Geometry

In a plane beam all material properties, as well as the external loading, are symmetric with
respect to a plane containing the axis of the beam. This axis can be chosen arbitrarily, the only
limitations being that it must lie in the plane of symmetry and be compatible with the basic
kinematic assumption of the theory (see next section).

Let x,y (Fig. 1) be the plane of symmetry and let the axis before deformation be described by
the following equation:

r=r(s) 1

where s denotes axial length.
The following geometrical relations hold at every point of the axis:

dr
T= s {2)
dT
ds =-xN 3)
dN
a =xT (4)

where

T unit tangent vector co-directional with increasing s,
N unit normal vector such that T, N is counterclockwise,
Kk curvature, k >0 with —N directed towards the center of curvature.

The position vector of any point in the plane can be given by:

R(s, z) =r(s) + zN(s) 5)

where z denotes length along the normal.
Equation (5) is in fact a coordinate transformation in the plane. The s, z system of coordinates

can be regarded as “natural” for analysis of the curved beam. The base vectors of the system are:
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Fig. 1. Plane of symmetry of the beam.
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The metric tensor is defined by:
Gy=e ¢ @®
and equation (6) and (7) yield the following equalities for its components:

Gu=(1+«kz)’
Glz‘-‘- sz =0 (9)
Gzz = 1

Kinematics

The basic assumption of the first-order beam theory used here is that plane sections normal to
the axis of the beam before deformation remain plane, but not necessarily normal to the axis,
after deformation.

For simple mathematical formulation of.this hypothesis, s, z are conveniently regarded as
convected coordinates, i.e. coordinates attached to the material points of the beam. In other
words, each particle lying in the plane of symmetry is identified by a fixed pair of numbers s,z for
all values of the time parameter ¢.

In these circumstances, the position vector R(s, z, t) of particle s, z at time ¢ is:

R(s, 2, t) =r(s) +v(s, 1)+ zm (5, 1) (10)
where
v displacement vector of points on the axis,
n vector through the material points that were on N before deformation (see{6, 71).

For the initial time t,, the following equalities hold:

R(s, 2, t0) = R(s, 2) {an
and
n(s, to} = N(s) (12)

In what follows,  is assumed a unit vector implying that transverse normal strains are
neglected. ‘

According to equation (10), the deformation of the beam is described by the two vector
functions v, 7. These functions can be expressed in terms of their components in the initial
configuration as follows:

v=uT+wN 13)

n=0T+aN (14)
where u, w, ¢, o are scalar functions of s and ¢.
In a linear theory displacements and rotations are considered *“small”, hence, the projection
of 5 on N is given by the cosine of a “small” angle, namely a =1 and
n=0T+N (15)
Substituting equations (13) and (15) into equation (10) and referring to equation (5), we have:
R(s,z, ) =R(s, 2) +(u + z®)T+ wN (16)
The deformation of the beam is this completely defined by the three scalar functions u, w and

¢ (Fig. 2). Note that in a theory which disregards shear deformations, the vector n coincides at
every -instant with the normal to the axis and ¢ is no longer independent of u and w.
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Fig. 2. (a) Displacements; (b) Internal forces; (c) External forces.

The strain tensor is defined as:

Ey(5,2,1)=3(Ga(s, 1) - Gi(s, 2,0 (an

where Gy (s, z, t) is the metric tensor at time ¢, and G (s, z, 0) = G;(s, z) is given in equations (9).
The base vectors of the system s, z at time ¢ are given by:

es, z, t) =B—R—(;’s—z’t—)=e1 +{u'+z® + k$)T+(w' — ki — kz®)N
exs, 2, =2R&:20 _ o L o1 (18)

0z

where () =d/ds ().
Using equations (8), (9) and (18), and neglecting second-order terms in the displacements, the
following expressions are obtained for the components of the strain tensor:
En(s,z,t)=u'+kw+ 2(d + ku' + k°w) + 2’k d'
E. (s, 2, t)=%(d>+ w'— ki) (19)
Ezz(s, 2, t) = 0

Equations (19) relate the strain tensor with the kinematic unknowns u, w and ®. E,; may be
chosen directly as an unknown instead of ®, but this leads to third-order equations instead of the
more convenient second-order equations obtained with the present choice.

Equations of motion
The equations of motion are derived by the principle of virtual displacements which
postulates equality of the internal and external virtual work
IVW = EVW (20
The internal virtual work is given by:

VW = f U (o-"8E11+20’28E.2)dA]ds @1)
5 A(s)

where

o” stress tensor

A(s) area of section at s.

The external virtual work, incorporating the influence of the inertial forces, is:

EVW = f P(s, £)5(s, 1)ds — f UA“) py(s,z,t)ay(s,z,t)dA]ds )
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where
p(s,t) external load vector per unit length of axis,
y(s,z, 1) displacement vector of a point in the plane of symmetry of the beam,
p density.
() didt ().
In terms of their components, p and y become:
p=p:T+psN (23)
y=R(s,zt)-R(s5,2) = (u +P2)T+ wN 24)

Substituting equations (24) and (19) into (21) and (22) we obtain:

vw= f {N6u' — kQB8u + kN6w + Qéw’ + Q6P + M6’} ds ©5)
EVW = j (p,Ou + pndw — [Loii + I}D16u + [Lit + LDIS® + Lwsw} ds (26)

where
N=N(s, )= f o1+ k2)dA
Alr)

Q=0Q¢, t)=Lm oc'?dA v2)]

M=M(s,t)=L( o1+ x2)zdA
23
L(s)= f pz'dA 28)
Als)

The quantities N, Q, M are called normal force, shearing-force and bending moment
respectively (Fig. 2).
Integrating equation (25) by parts and referring to equation (20), the following equations of
motion are obtained in terms of the foreces:
N'+KQ +p,=10l.i+lg&)
~kN + Q' +pn=ILw 29
M’ - Q= Lii + ,®
Boundary conditions

With given stresses ¢*' and o acting at an end of the beam, the resultant force per unit area
is:

F = o'le, + 0%, = o"'(1 + k2)T + 0N G0)

Denoting by a subscript / all magnitudes to be evaluated at that end of the beam, the external
virtual work of the boundary forces is:

EVW, = j Fdy.dA = Ndu, + Md®, + Qibw, a1

Al

where N, M,, Q are related to the given stresses oM, o through equations (27).



832 YaIr TENE etal

Substituting the boundary values obtained from equation (25), the following conditions (or
their linear combinations) can be prescribed independently at the boundaries

-

w=1u, or N =N

w = l;’[ or QI = Ql (32)

¢ = (I); or Mi=M,
where ;t;, ;v,, &; are prescribed displacements at the boundary.
Constitutive equations
Let the stress-strain relation be given by:
Gn = E(S, Z)En
0_12= ZG(S, Z)Elz (33)
where E and G are the moduli of elasticity and shear respectively.
Substituting equations (33) in (19) and the result in (27), the following expressions are obtained
for the internal forces in terms of the displacements:
N=Colu'+ kw)+ Co(® + «ut’ + k*w) + Cox D'
Q=D(d+w'—«u) 34)
M= C1(u’ + KW) + Cz(@’ +xu’ + K2W) + C;;K@f

where

C=Ci(s) = L() E(s,2)- (1+xz)z'dA

D=D(s)= G{s, 2)dA. (35)

Als)
Note that equations (34) can be rewritten as:

N-«M = Ko{u' + xkw)+ K, @’
M=K, (u' +xw)+ K@ + xu’ + &>w) (36)
Q=D(®+w' —«u)
where
Ko=Co-«*C;
K,=Ci—k*Cs €7)
K> = Cr+ kCs.

Note also that the axis can be chosen so as to make either I, or K, vanish.

3, NUMERICAL ANALYSIS
Substituting equation (34) in (29), the following expressions are obtained for the equations of

motion in terms of the displacements:
[Co(u’ + kw)+ Co(®' + kut' + k*W)+ Cok @'Y + kD@ + w' —xu)+p, = Lii + I1®  (38)
~k[Coltt' + kw) + Co(@ + ktt’ + k*w)+ Cox 1+ [D@+w ~ ki) +pn=Lw (39
[Ci(u’ + kw)+ Co(®' + kit’ + k*w) + Csk @] — D(®+ w' — ku) = Lii + L, (40)
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In the same way the boundary conditions (32) can be expressed in terms of the displacements
as follows:
w=w or [Co(u'+kw)+Cu® +ku'+k*w)+Cok®]; = N;
w=w or [D@+w —ku)l=0Q @1)
¢’1 (D, or [C;(u’ + KW) + Cz(@’ +ku' + K2W) + C:;K(D,]z = M

The set of second-order partial differential equations (38—40) with boundary conditions (41)
lends itself to application of Houbolt’s method [4], with the set of ordinary differential equations
to be solved, for each time step treated, by the finite-differences method (see next section).

Houbolt’s method

For the sake of completeness, and also with a view of formulating the initial conditions in the
most general form, Houbolt’s method[4] is recapitulated below.

The equations of motion (38-40) can be written in matrix form as:

[LYa} = [MYi}- {5} (42)
where

[L] a3Xx3 linear differential operator
[M] a 3x3 mass matrix

u
{a}= H
d
Ps
{p}= {PN}
NE

Next, a net of points is defined along the time coordinate. For any given point i of the net, the
second time-derivative is expressed as that of a polynomial of n-th degree passmg through the
values of {i} at the n+1 points i, i —1,...,i—n of the net.

Equation (42) can then be replaced by the following approximate expression:

} (both time-independent)

[L{a}: = [M] ' (a{ﬂ}i + ‘21 Bk{li}i—k) -{pk 43)
where '

a, B.: coefficients depending on the degree of the polynomial and the spacing of the points.
{a}i: the value of {@} at time point i.
{p}i: the value of {p} at time point i,

Rewriting equation (43) as:
(L1~ a[H1)) ) = (¥1) 3, Befih-c ~ 1P} (@4

it becomes evident that if the solution is known for the n preceding points in time, the solution
for time i is obtainable by solving the set of ordinary differential equations (44), in which the right
and left-hand sides may be viewed, respectively, as modifications of the external loading and of
the actual stiffness properties of the structure. The boundary conditions to be applied are the
original ones for time i.

Houbolt’s method may thus be described as an implicit procedure permitting solution of a
dynamic phenomenon as a series of successive modified statical problems. The most common
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choice for the degree of the polynomial is n = 3. For this case, and for a uniform net (constant
time interval At), it has been shown[5] that the algorithm is stable irrespective of the value of At.
The choice of At may, therefore, be based on accuracy considerations only, an advantage over
explicit methods where the magnitude of At is subject to stability criteria.
For n =3 and a constant At the following values are obtained for a and Bi:
a=2{At?

E 1= —'5;{ At 2

Bz = 4/ Atz

B 3= 1/ At 2

45)

It is readily seen that for the first n —1 steps of the procedure, not all data required for
evaluation of the right-hand side of equation (44) are available.

This shortage is remedied by the initial conditions. Let {#}, and {ii}o represent the known
initial displacements and velocities. Then, for n = 3 and for a constant At, a polynomial through
points to+ At, to, to— At and t,—2 At allows to obtain the following expressions for the initial
velocities and accelerations respectively:

{lj}o = g%‘t‘ [2{12}1 + 3{&}0 - 6{12}—1 + {ﬁ}~z] (46)

{itho= gy Hah — 2o+ {8} )

where {i1}-, and {1}, are fictitious values at times {, — At and t, — 24, t, being the initial time,
The initial acceleration is linearly related to the initial displacements and loads through

equation (42). Accordingly, equations (46, 47) yield [M{iz}-, and [M){ii}-- as linear combinations

of {it}o, {it}: and {f }o. Equation (44) can therefore be used for the first two steps of the procedure.
The final algorithm reads:

For i =1 (time fo+ Al):
6 o\ 6 o\ gy 6 s s
(1L1-3p091) (@1 = ~(AL1 + 53 901) - {@ho -7 Do - 2pho—{ph. (49

For i =2 (time o+ 2At):

(11~ 001 {2k = ~5rs W @)= (L) -5 00 ) (b~ PR~ Do )
Fori =3 (time to+ iAt):
(L1~ g3 V1) b= gra ] - (= S{@hor + 4oz = {@hos) ~ (P (50)

Finite-difference scheme

Equations (38-40) possess the following feature, preserved also in the modified static
equations of Houbolt’s method: the first and the third equations do not contain the second
s-derivative of w, while the second does not contain those of 4 and ®. In these circumstances two
distinet interlaced nets may conveniently be used-one for w and the other for u and ® (Fig. 3),
yielding a high degree of accuracy with relatively sparse nets{8].

For a constant increment As the following expressions for the numerical derivatives and
unknowns are to be used in equations (38, 40):

u’; = (Mj+1 - 2“} + u;..;)/Asz; u',~ = (u;+; d u;_l)IZAS; U = Uy
Wi = (Wi — w)AS; W = (Wi + wi)f2 53))
@) = (B)1 =20, + D, 1)/As?;, @ = Dy — D1-)24s; B =,
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Fig. 3. Interlaced nets and corresponding unknowns.
and in Eq. (39):
ui=(w—w-)As; =+ w2

W’j’ = (WH.] - ZW; - Wj—:)/ASz; W’ = (Wj+1 - W]—-l)/2AS; Wy = W, (52)

®) = (@, - ®,-)/As; D) = (D +D;-1)2
Further improvement in accuracy is obtainable by evaluating the derivative of a product

directly instead of expanding it as a sum of two products{9]. For example, the derivative (Dw'y
in equation (39) is evaluated as:

1 1 41~ — Wj-
(DW= 555 (W Yy = W) = 5 { Drown 25 D M2

As As
1
= 'A?{Diﬂﬂwiﬂ = (Disiz+ Disi)wg + Disipwy—i} (53)
instead of:
N ) " s Wis1— Wy Wi+ _2W + w;_
(Dw");= Djw}+ Dw' =D} = 12As! L+ D Asi = (54)

Solution of equations

With the unknowns and their s-derivatives formulated as per equations (51) and (52), the
equations of motion and boundary conditions at time i constitute a set of linear algebraic
equations.

Because of the high concentration of non-vanishing terms near the main diagonal of the
coefficient matrix the set is conveniently solved by partitioning the coefficient matrix into a
tridiagonal submatrix arrangement and applying the generalization of Potter’'s method[10]
described in[11].

It should be noted that while the right-hand side of the set varies with time, the coefficient
matrix remains the same after the second time step (see Egs. (49) and (50)).
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Fig. 4. Simply supported beam subjected to a ramp-platform moment at £ = 0.
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4. NUMERICAL RESULTS
A computer program was worked out according to the procedure outlined in the preceding
section, and several examples were run on an IBM 370-165. Some of the results were compared

with available data by other methods.
The first example—a beam (Fig. 4)—was worked out for comparison with the solution in[2],

weW
bw= 3

0

l | ! I |
0 1 2 3 4 5 6 7 8

Fig. 5. Nondimensional deflection at the center (£ = 0-5).

ML

} M=t Numerical Solution
Leonard and Budiansky [1] —-=--~----

I

Fig. 6. Nondimensional moment at the center (¢ = 0-5).

- 2
o4
Numerical Solution —_—
2~ Leonard and Budiansky [1] ~—— — ——
L
o) ] 1
2 T
\
[\ A
-1 #\ // ! ’
\| 7 Ly
\ J
_2._. ) i
)
\
v
-

Fig. 7. Nondimensional shear force at the end £ = 0.
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90,003 003 { eoc
Fig. 8. Circular arch under triangular normal load.
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Fig. 9. Normal displacement at the center (a = 90°).
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Fig. 10. Tangential displacement at & = 67-5°.
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obtained by the characteristics method. All data and results are dimensionless. The number of
location- and time differences was chosen as 21 and 100 respectively, with the time interval taken
as 1/100 of the period of first natural mode of the beam. The midspan deflection and moment and
the left end shearing force are plotted against time in Figs. (5, 6, 7) together with their
counterparts in[2]. The graphs show good agreement-except for the shear diagram, where the
obtained solution apparently averages the fluctuations in[2].

The second example is a circular arch under a dynamic load (Fig. 8) with the following
parameters: in-plane rigidity EA = 4 x 10° kg, bending rigidity EI = 133 x 10° kg cm®, mass density
p =0-24x 107> kg sec’/cm*. In order to bring out the contribution of the shear deformation, the
example was worked out for two levels: GA,=1-5x10°kg and 1-5x 10°kg. The number of
location differences for half the arch (0 < a <90°) was 41, and the time interval —1/100 of the
period of first natural mode for the higher GA; level and 1/200 for the lower one.

MK9 €m Ghg # 15+ 10% kg (Mgygyes-386320 kg cm)
12000 GAg 15410 kg (M stquci-42670kg cm) — — — ——
N
/N
8000} / \
’ \
/ \
4 0001 /
/ \
l [ | tsec
0 \ 3 7\ 03 05\ 3
/ \
\ e
—-4000 \ - g
\ -
-8000\ A\
-12 000
-16000t—
Fig. 11, Bending moment at the center (o = 90°).
;ng cm
20000
16 0001—
12 000
8 0001
e ——
4 0001 ~
/ h
0 | | | Nt sec
N 0.15 7 2.3 T3
~ / N
N /
~4 000 ~ 7
~__7
-8 0001
-12 000
-16 000
GAS:Ls-loBKg (Mgigo?= 42730 «3 cm:
-20000(— s
GAg 215 +107 kg (Mg, gy +-28120 <g emi— — — — —
-24 000

Fig. 12. Bending moment at the end a = 0°.



Dynamics of curved beams involving shear deformation 839

Deflections, moments, axial forces and shearing forces for the two GAs levels are plotted
against time in Figs. 9 trough 14, which also include the statical results for comparison. The
contribution of the shear deformation is seen to be substantial.

5. SUMMARY AND CONCLUSIONS

A linear theory, admitting shear deformations and rotary inertia, and a solution procedure are
presented for an arbitrary plane curved beam subjected to arbitrary static and dynamic loads.
The equations of motion with the displacements and total rotation as unknowns are converted to
finite difference equations and solved by Houbolt’s method. The proposed method may be
extended, with the aid of suitable continuity equations, to systems consisting of several curved
beams of different shapes.

The second numerical example shows that the contribution of the shear deformation is
substantial, and in dynamical problems actually results in a basically different solution.

k
N 9
A
ey
0 /‘V\A [\ s~ L\ IS ! t sec
hi ~ [
AN VY T
_Lo -
801 Gag s 15108 kg (N gyquic=- 272 kg)
“120l- GAg =15+ 10° kg (N ggqic?- 266 kgl = = — == — — —
—1604-
-200H
-260HH
—2ao~d
-320-
Fig. 13. Axial force at the center (a = 90°).
k
Q g
GAg 215 10% kg (Q gyqyic: 229 kg )
160
N GAg: 15" 10> kg (Q static: 200 kg) — = m
120
O_.
8 //\
[
40 e \
A7 \ /
- - AN 4 [
0 | ~do I s ) tsee
] 0.3 0.45, 7~~~ 06
\\ SN’
-&0- N ’!
_BO.—
-120-

Fig. 14. Shear force at theend a =0°.
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